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Abstract - Atmospheric boundary layer flow over surface water waves of small slope is analysed with a new heuristic 
method that clearly shows the underlying physical mechanisms. In this method we consider how the wave displaces 
mean streamlines in the air flow. Turbulence in the air flow is found to alfect the flow over the wave only in a thin inner 
region that lies close to the interface. The streamline displacement at the top of this inner region has three contributions: 
displacement over the undulating wave surface; a Bernoulli contribution associated with pressure variations over the 
wave (which is associated with higher wind speeds at the waves crests and lower wind speeds in the troughs); and a 
displacement caused by the turbulent stresses in the air flow. The displacement caused by turbulent stresses is a factor 
(u*/U,)” smaller than the other two contributions (u* is the friction velocity and U; is the wind speed at the top of 
the inner region), but is important because it leads to the winds being slightly faster on the upwind side of the wave 
crest compared to in the lee and to the streamline-displacement pattern being shifted slightly downwind of the wave 
crest. This then leads to a small surface pressure difference across the wave crest and thence wave growth. This is 
the non-separated sheltering mechanism. The solutions obtained here using physically-based heuristic arguments are in 
full agreement with those calculated using formal asymptotic methods by Belcher & Hunt (1993) and Cohen & Belcher 
(1999). The understanding gained from the new method suggests a nonlinear correction to the formula for wave growth 
that tends to reduce the wave growth rate for steeper waves, in agreement with computations. @  Else&z, Paris 

1. Introduction 

Jeffreys (1925) put forward the sheltering mechanism of wind-induced growth of surface water waves, whereby 
the air flow is assumed to separate in the lee of the wave crest leading to a pressure difference across the wave 
crests, which Jeffreys showed leads to wave growth. Hence Jeffreys found the wave growth rate in terms of an 
undetermined parameter, which he called the sheltering coefficient. 

More recently, understanding developed in studying atmospheric boundary layer flow over hills (e.g. Hunt, 
Leibovich & Richards 1988; Belcher, Newley & Hunt 1993) has been used to further our understanding of 
boundary layer flow over waves, and in particular their wind-induced growth. Most ocean waves have gentle 
slopes and separation does not occur, and the recent studies show how for these gentle waves turbulent stresses 
in the air flow lead to a reduction in wind speed in the lee, so that streamlines reach their maximum vertical 
displacement slightly downwind of the wave crest (see figure 1). There is then an associated pressure difference 
across the wave and so also wave growth. Hence over waves of small slope, and no separation, there is a 
non-separated sheltering that leads to growth of the waves (Belcher & Hunt 1993; Miles 1993, 1996; van Duin 
1996b; Zou 1998). This mechanism, which is associated with turbulence in the wind, complements the celebrated 
critical-layer mechanism of wave growth first analysed by Miles (1957), which is an inviscid shear-flow instability. 
There have been studies of how the non-separated sheltering and the critical-layer mechanisms act together 
(Miles 1993, 1996; Belcher, Hunt & Cohen 1998), but no definitive conclusions have been reached. These 
developments have been reviewed recently by Belcher & Hunt (1998). 
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FIGURE 1. Schematic of the flow geometry. Notice how there is sheltering in the lee, with the 
maximum displacement of the streamline slightly downwind of the wave crest 

The detailed and rigorous analyses of non-separated sheltering over slow waves (Belcher & Hunt 1993) and fast 
waves (Cohen & Belcher 1999) is mathematically involved. The purpose of this paper, therefore, is to develop a 
more heuristic method, with no intention of rigour, but which sheds light on the physical processes responsible 
for non-separated sheltering. The present method is based on analysing the displacement of streamlines over 
the wave and is based on the elegant formalism introduced by Miles (1993). Belcher, Hunt & Cohen (1998) have 
recently shown how the critical-layer mechanism of wave growth can be understood within a similar framework. 
Hence the present study represents a step towards analysing together the effects of non-separated sheltering 
and the critical layer. Finally, a general advantage of more heuristic methods is that they distinguish the 
key physical assumptions from the mathematical assumptions and so can help to show how the results can be 
extended to more general situations, and here the new analysis suggests how the results can be generalised for 
waves of moderate slope, when nonlinear effects are significant. 

In $2 the streamline displacement is defined and the basic linear model of the air flow is formulated. In $3 
the displacement of streamlines is calculated and in particular the contribution to the streamline displacement 
from the turbulent stress is evaluated. The results are then used in 53.4 to determine the pressure at the wave 
surface and turbulent stress at the wave surface. The physical interpretation of these calculations is given in 
$3.5. The wave growth rate is calculated in $4. Finally in 54.2 a nonlinear correction is suggested for the growth 
rate formula. 

2. Formulation of the physical model 

Define the basic flow, which occurs in the limit of vanishing waves when the interface is flat and located at 
z = 0. In the basic flow the wind blows in the positive x-direction with a logarithmic velocity profile, namely 
UB = (G/K) ln(z/zo), h w ere IE is the von Karman constant (taken here to be 0.4), and zs is the roughness 
parameter. The shear stress in this basic flow, rB, is constant with height and equal to uf , in a normalisation 
where the density of the air is one (so that the density of water is pUlpa), and where U* is the friction velocity. 
We calculate the linear changes to this basic flow caused by a two-dimensional wave of small slope that travels 
along the air-water interface in the wind direction. Then it is sufficient to consider sinusoidal water waves 
described by z, = Re { ueikzPct }, where a is the wave amplitude, lc is the wavenumber, and the wave slope is 
ak < 1. 
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2.1. Formulation in streamline coordinates 
Calculations are performed in a reference frame moving with the wave crests, when at leading order the basic 

wind profile is simply displaced over the wave surface and can be written 

‘(I* UB = -h{(Z-s)/Zg}-Cc. 
Ic 

(2.1) 

Here s is the vertical displacement of a mean streamline from its position in the unperturbed flow. Following 
Miles (1993), perturbations to the airflow induced by the travelling wave are analysed in terms of ~(5, Q), where 
17 is the height of the undisturbed streamlines from the undisturbed water surface. The streamfunction, $, is 
t,hen given by $ = s uB(q)dq. The following analysis of air flow over the waves is then performed in a streamline 
coordinate system, ([, q), defined by 

x = t, z = rl + SC<, d 

The horizontal and vertical components of the wind over the wave, u and ~1, written in terms of this streamline 
coordinate system, are 

U = u,+ii= UB (q) 
i+asla~ M uB(i -as/aq), 

W  = 6 = UB(~)aslaJ x uBasfat 
i+as/a~ 

(2.2) 

(2.3) 

where the approximate forms are for waves of small slope. Upper case letters with subscripts B denote variables 
associated with the basic flow, and an overbar denotes basic-state variables measured in the laboratory frame, 
otherwise the reference frame moves with the wave crests. The symbols U. and W denote the wave-induced 
perturbations to the horizontal and vertical velocity. 

If the Reynolds-averaged momentum equations are transformed into the streamline coordinate system and 
then linearised for small wave-induced perturbations, then the horizontal and vertical momentum equations are 

which show the power of the streamline coordinate system, namely that the advective rates of change are only in 
the <-direction, i.e. along the streamlines. Here, ? is the wave-induced turbulent shear stress; the wave-induced 
normal turbulent stresses are neglected in the analysis here because their effects are smaller than the dominant 
terms calculated (Townsend 1972). 

The boundary condition on u at the wave surface is the no-slip condition, so that the wave-induced flow must 
match the tangential velocity associated with the orbital motions in the water, U,. The boundary condition on 
w ensures that the surface is a streamline, i.e. w(zg) = Dz,/Dt. Hence 

I - 
u = IL,, G = -cdz,/dt on v = zo. (2.6) 

This shows a second advantage of the streamline coordinates, namely that boundary conditions can be applied 
actually at the boundary, rather than being linearised onto a horizontal surface. In addition, the wave-induced 
flow decays to zero far above the air-water interface, i.e. 

(2.7) 
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2.2. Modelling the wave-induced turbulent stress 
As Townsend (1972) and others have argued, to model the wave-induced turbulent stress faithfully, the flow 

in the air needs to be divided into two regions (figure 1). In an inner region that lies close to the wave surface 
the turbulence approaches an equilibrium with the mean-flow velocity gradient and so a mixing-length model 
can be used. In an outer region the turbulence is advected over the wave too quickly for it either to adjust to 
the mean velocity gradient or for it to transport significant momentum vertically. The wave-induced turbulent 
stresses in the outer region can be calculated using rapid-distortion theory (Britter, Hunt & Richards 1981; 
Belcher & Hunt 1993), which shows that they are small and so can be neglected compared with the pressure 
gradient forces in (2.4) and (2.5). These arguments are reviewed fully in Belcher & Hunt (1998), and have been 
shown to be consistent with measuremrents by Mastenbroek et al. (1996). 

The height dividing the inner and outer regions, 77 = Zi, is determined from scaling arguments by balancing 
the time it takes for an eddy to be advected over the wave with the time it takes for an eddy to decorrelate. 
This procedure leads to Zi being determined implicitly from 

kli = 2KU*/lUil, (2.8) 

where Vi = Us, so that for a logarithmic wind profile 

l&l ln(Zi/Zs) - KC/U*I = 2K2. (2.9) 

In summary then, in the inner region Q < li the mixing-length model is used to describe the wave-induced 
stress, namely 

(2.10) 

and in the outer region the wave-induced stress is set to zero. A model for ? can be formed over the whole 
depth of the air flow by interpolating between the two extremes, 

7 = ?,le - kq/6” 
! (2.11) 

where 0 < n < 1 is a model constant, 6 = u,/Ui and Ui = uB(,&‘). The wave-induced stress is then forced to 
zero in an overlap between the inner and outer regions. 

Now, as figure 2 shows, the height of the inner region, li, varies with the wind and wave speeds, encapsulated 
in the ratio c/u*. In particular for slow waves, c/u* less than about 10, and for fast waves, c/u* greater than 
about 20, the inner region is a thin layer so that & < 1. Furthermore, in these limits the critical layer does 
not play a dynamical role in the air flow because it is very close to the surface for slow waves (Belcher & 
Hunt 1993) and because it is very far from the surface for fast waves (Cohen & Belcher 1999). The growth of 
small-amplitude waves is then dominated by the non-separated sheltering as shown next. 

3. Perturbed flow in the inner and outer regions 

Here we derive the solution for the streamline displacement following a heuristic method, based on ideas 
originally developed by Hunt & Richards (1984) for flow over hills and extended by Belcher & Hunt (1998). The 
method is valid whenever the inner region is thin, and so the solutions found here apply both to slow and to fast 
waves. The results of the heuristic calculations developed here will be compared with the formal asymptotic 
solutions found for slow waves by Belcher & Hunt (1993) and for fast waves by Cohen & Belcher (1999). 

3.1. Streamline displacement in the inner region 
Consider the streamline displacement, s(J,q), at the ‘top’ of the inner region, at 7 = Zi, denoted here by 

si(t). The location of the displaced streamline is li + si([). To estimate the magnitude of si([) rearrange (2.2), 
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Miles ( 1993) A------- 

C/U* 

< zw 
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FIGURE 2. Variation with c/u* of the inner region height (solid lines), critical height (dotted 
line) and middle layer height (dashed line) when lczs = lo-*. The arrow shows the value for 
kl, used by Miles (1993) 

which relates ii and s, to give the streamline displacement in terms of the horizontal velocity perturbation 

si(l) = z,(t) - fi (WB)dv. (3.1) 
20 

The first term, z,(t) = Re{ae’@ }, follows from the kinematic boundary condition that the wave surface is a 
streamline. Equation (3.1) expresses mass conservation across the inner region: if the air speeds up, so that 
ti > 0, then the streamline is displaced downwards. 

Now, G can be estimated using the horizontal momentum equation (2.4), together with the approximation 
that because the inner region is thin, lcli < 1, the pressure there is approximately constant with height, 
i.e. 136, rl) = P(E, ZO) = i&(t). H ence combining (3.1) with (2.4) shows that si([) can be expressed as a sum of 
effects: 

where, following the Oseen approximation for laminar boundary layers, Jji (l/Ui)dv is approximated by ii/U, 
to give the second term. (Corrections to this approximation are largest very near the surface, within n < (Zize) 4, 
but there the streamlines follow the wave surface and so (3.2) remains a good approximation.) Equation (3.2) 
shows that the streamline displacement is composed of the sum of displacement by the wave itself, a Bernoulli 
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variation of streamline height associated with pressure variations, and a displacement caused by the change in 
shear stress across the inner region, which is given by 

ST(E) = J El - @s(O - C(OkK. 
Hence, deceleration of the air by a change in wave-induced shear stress across the inner region, 7, - ?i, leads to 
reduced air speeds and hence upward streamline displacement. 

3.2. Evaluation of s, 

As explained in 52.2, the wave-induced stress is negligibly small in the outer region. Furthermore, as explained 
in $3.1, in the inner region the pressure is approximately constant with height. Hence in an overlap between 
the inner and outer regions, where both approximations apply, the momentum equation (2.4) yields 

SO that when 77 x li, U M -@,/Ui. 
Within the inner region the turbulent stresses act to reduce this streamwise velocity perturbation to satisfy 

the surface boundary condition (2.6). Hence the inner region acts as an internal boundary layer. To a crude 
approximation this leads to a logarithmic variation of ii with height from its value at the surface, us(<) at 
n = 20, up to its value at the top of the inner region, n M li. Then, if the wave-induced surface stress is ?$, the 
wave-induced velocity has the form 

But matching this with the solution (3.4) for fi at q M Zi yields 

(3.6) 

The more detailed solutions (Belcher & Hunt 1993; Cohen & Belcher 1999) show how the logarithmic velocity 
profile near the surface joins smoothly with the inviscid solution above the inner region. However, the solution 
for the surface stress given in (3.6) agrees with the value obtained from the formal asymptotic analysis (Cohen 
& Belcher 1999 equations 5.41 and 5.42). 

In addition, the wave-induced stress at 77 M Zi is calculated from the solution (3.4) for ii to give 

Hence it follows from (3.3), (3.6) and (3.7), that 

(3.7) 

(34 

when z, = ae’“c. This expression, which is valid both for fast and slow waves, is extremely interesting, because 
it shows how the frictional effect of the Reynolds shear stress in the inner region gives rise to a phase shift in the 
streamline displacement: the maximum in the streamline displacement is shifted a small distance (downwind 
for slow waves, upwind for fast waves) away from the wave crest, to kJ = O(us/U:). 
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FIGURE 3. Non-separated sheltering over slow waves 

3.3. Streamline displacement in the outer region 
As explained in $2.2, in the outer region, the shear stress gradient is smaller than the pressure gradients, so 

that, in the outer region, (2.4) and (2.5) combine to give an inviscid equation for the streamline displacement, 
namely 

(3.9) 

For a logarithmic basic flow (2.1), the basic velocity profile in this equation can be taken to be approximately 
constant with height (because Ujs /kUn is small when lcq x 1). The dynamics in the outer region (3.9) then 
reduces to potential flow 

2 2 
?-! + ds M 0 ap a7q so that s M SO ewkqeikt, (3.10) 

The constant SO is determined by matching this solution with the streamline displacement at the top of the 
inner region, si, given in (3.2). Now, from (3.10), s(<,q) M so{1 - IEv}, which matches (3.2) if 

so =zs+s,. (3.11) 

Hence, to this leading-order approximation, the streamline displacement in the outer region decays exponentially 
from its value at the top of the inner region: no further phase shift is generated by the shear stress in the outer 
region. As far as the outer region is concerned the flow is over a wave whose surface is given by z, + sT, which 
is shifted slightly downwind of the crest of the water surface (see figure 3). 

3.4. The wave-induced pressure 
The wave-induced pressure can be calculated conveniently from the vertical momentum equation (2.5) with 

the boundary condition that the wave-induced pressure far from the surface is zero, so that 

p(,,=-/m{-U~~+$}d,l, 
‘I 

(3.12) 

so that we might think of the streamwise pressure gradient, &?/at, driving the wave-induced flow and the 
vertical pressure gradient responding to the vertical structure of the resulting wave-induced flow. 
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We saw above in 53.3 that in the outer region the streamline displacement is determined approximately by 
potential flow, with solution (3.10), so that the wave-induced horizontal and vertical velocities, calculated from 
(2.3) and (2.2), are respectively 

u = -UBkS&~&, 75 = UgikseeCkqeikS, (3.13) 

and the wave-induced shear stress, calculated from (2.11) is 

which therefore decays to zero over the same length scale as the damped mixing-length model. 
Turning back to the pressure variation itself, these solutions for W and ? can be substituted into the integral 

(3.12), which yields 

2j(<,v) = -eikE 
.i”{ 

U2 k2soevkq - 2~u,U~ ik3sov e B 
- kq/S- 

7 > drl. (3.15) 

The first term in (3.15) represents the inviscid part of the wave-induced pressure and can be written V”ksoe’“c, 
where 

V2(kv) = Jrn UieP4d7j, (3.16) 
6 

(here ?j = kq) is the square of a weighted average wind speed. Miles (1993) calculates the solution for V(zo) 
explicitly for a logarithmic basic wind profile. However a more general method can be used to estimate V for 
arbitrary basic wind profiles if (3.16) is integrated by parts: 

V2 = [-Uie-” 17 + Jm 2(u~u~/~)e+d~, 
il 

(3.17) 

Now the second term is smaller than the first term because U&/kU~ is small over most of the outer region. 
However, towards the surface this ratio increases until it is equal to one at height I,, defined implicitly by 

kl m = IuAIkumI, so that k2Zk1 ln(lm/ze) - ~c/u*I = 1, (3.18) 

for a logarithmic basic velocity profile. The subscript ‘m’ is used to denote this level because I, corresponds 
to the height of the middle layer defined by Hunt et al. (1988). Variation of 1, with c/u* is shown in figure 2; 
also marked is the value obtained by Miles (1993). For slow and fast waves kl, is small and so the pressure 
changes from n = 1, to the surface are a factor kl, smaller than fi(Zm). Hence j&. M @(Z,). Furthermore, the 
foregoing arguments suggest that fi(Zm) M V2(Z,)ksoeikt, and also that V”(Z,) M U$ (where U, = UB(Z~)) 
since kl, < 1. Hence the inviscid contribution to the surface pressure is approximately U$ksoeikc. 

The second term in (3.15) arises from horizontal variations in the wave induced stress in the outer region and 
can be integrated to give a surface value of -~KzL,U,S~~ ikss. Hence the damping of the mixing-length model 
leads to a small variation of pressure with height. 

The pressure at the wave surface is therefore given by 

- PS x [-U: {kz, + k+} + 2nu,U,62nik{z, + +}I eikC 

(3.19) 

Here ,L? = ,L?=, + ,&, + ,&, which represent contributions from: the streamline displacement caused by the shear 
stress in the inner region, which has two components the contribution caused by the undulating wave surface, 
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P zs, and the contribution from the varying surface velocity, PC, ; and the pressure variation across the outer 
region, which gives PO. If products of small terms are neglected, then from (3.8) the values of these contributions 
are 

(3.20) 

(3.21) 

(3.22) 

These expressions agree with the solutions found using formal asymptotic methods by Cohen & Belcher (1999), 
equations (5.37) and (5.38). 

Results from the foregoing analysis can be used to evaluate the wave-induced shear stress at the wave surface, 
which is written TS = Re{&,uz(y + ic)e’“c}. In the following y only is required. There are two contributions to 
y, namely from the undulating wave surface, denoted yz,, and from the varying surface velocity, denoted 7~~. 
The result (3.6), together with the solution (3.19) for the surface pressure, show that they are given to leading 
order by 

2nu; 2(U, - c)” 2Kti, 2c 
“izs = Uiu, ln(Ei/zs) = (vi - c)Ui ’ “’ = -U* In(2i/.Ze)lcZ, = -c’ 

(3.23) 

These results will be useful in $4 below, when the wave growth rate is calculated. 

3.5. Discussion 

The solutions derived here are valid provided the inner region is a thin layer, so that kli << 1. The conditions 
required to keep lcli < 1 are established in Cohen & Belcher (1999) and correspond to slow waves, with ICC/U* 
of order one (so that in practice c/u+ < 15), and to fast waves, with C/VI of order one (so that in practice 
c/u* > 25). That the same reasoning has led to results applicable to these two regimes is noteworthy. The 
solutions are not valid in the intermediate regime, which corresponds to wind-wave systems with 15 < c/u* < 25, 
because the inner region is no longer thin and also because the critical height is of the same order as the depth 
of the inner region, so that Vi M c and the governing equation is singular. Resolution of this singularity requires 
explicit! analysis of the critical layer, which is beyond the scope of this paper. 

The analysis shows that the streamline displacement at the top of the inner region has three contributions: 
a displacement by the undulating wave surface, a displacement associated with pressure variations along the 
streamline (which tends to be negative at the wave crest, where the pressure is lowest and the air speeds are 
highest) and finally a displacement, s,, due to the wave-induced stress change across the inner region. The 
solution (3.8) shows that s, is a factor u*/Ul smaller than the other two terms and so the streamline displacement 
at the top of the inner region is largely independent of the turbulent stress. In the outer region the wave-induced 
stress is negligible and so again, the streamline displacement, which towards the surface matches the value at 
the top of the inner region, is largely independent of the turbulent stress and to a good approximation is just 
exponential decay. 

Although small, s, is important. It is related, via (3.3), to the integral along a streamline of the change 
in wave-induced stress across the inner region. Hence, as an air parcel moves along a streamline the frictional 
deceleration from the change in wave-induced turbulent stress leads to an accumulated displacement of the 
streamline and hence the maximum streamline displacement is downwind of the wave crest. Belcher & Hunt 
(1993) called this process non-separated sheltering. For slow waves, the basic flow in the inner region is from left 
to right, i.e. in the same direction as the wave propagates, and so the displacement in the streamlines is to the 
right of the wave crest (figure 3), but for fast waves the basic flow is from right to left, i.e. against the direction 
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FIGURE 4. Non-separated sheltering over fast waves 

of propagation, and the streamlines are also displaced slightly to the left (figure 4). This small displacement of 
streamlines at the top of the inner region also means that streamlines in the outer region are displaced slightly 
downwind of the wave crest. The pressure perturbation that develops in the outer region then has its minimum 
displaced downwind of the wave crest, which leads to the contribution to the surface pressure denoted by p,,. 
Orbital motions at the wave surface also lead to a change in wave-induced stress across the inner region that is 
negative and leads to a sheltering displacement of the streamline at the top of the inner region upwind of the 
wave crest. This process leads to a small shift in the surface pressure denoted by ,&, . Finally, in the lower part 
of the outer region a small wave-induced pressure gradient develops to balance the small wave-induced stress 
gradient. This leads to an additional shift in the surface pressure minimum away from the wave crest, namely 
P 0’ 

There are interesting differences between the sheltering for fast and slow waves. When the waves are slow 
the surface stress is positive, ?, > 0, and the stress at the top of the inner region is negative, ?i < 0. Hence the 
change in stress, ?, - Fii, is large, so there is a strong sheltering effect and substantial values of pZ, . In contrast, 
when the waves are fast the wind near the surface is against the direction of wave propagation so the wave- 
induced surface stress is negative, ?, < 0. The stress at the top of the inner region remains negative, 7, < 0. The 
net change in stress across the inner region is therefore much smaller and the sheltering is weaker. The orbital 
velocity at the wave surface tends to displace streamlines upwind of the wave crests and the magnitude of the 
effect increases with the strength of the orbital velocites, and so also with increasing wave speed, c. Finally, 
the contribution to p from the pressure variations at the bottom of the outer region, where the mixing-length 
model is being damped to zero, is positive for slow waves and negative for fast waves. 

4. Growth and decay of the waves 

The wave-induced pressure and stress do work at rate S, at the wave surface, which then leads to an energy 
flux into or out of the wave motions, thence leading to wave growth or decay. Following Davis (1972) and Belcher 
& Hunt (1993), this evolution can be studied by forming an equation for the rate that the stress does work at 
the surface. If only the leading-order quadratic terms are retained then three sources of working contribute to 
S ‘w, namely 

St,, = (Ciji+) = (-c{-@s + ?sss}dz,/d[) + (F8G,), (4.1) 

where ( ) denotes average over a wavelength, @ij is the wave-induced stress tensor, and nj = (-dz,/dt, 1) 
is the normal to the surface (to the leading-order approximation). The kinematic boundary condition 6, = 
Dz,/Dt = -cdz,/dx was used in evaluating the first term on the right of (4.1). The contribution from the 
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normal turbulent stress term is small, -c(?sssdZ,/d<) (Belcher & Hunt 1993; Mastenbroek 1996). Hence only 
two terms need to be evaluated. 

The first term, c&dz,/d[), can be evaluated using the solution for the asymmetric surface pressure (3.19) 
to yield 

(4.2) 

where p is given by (3.22). The second term in (4.1), (7,GL,), can be evaluated once the horizontal motions at 
the surface are specified. For deep water gravity waves when 21, = Re{aLce’“t} this term gives 

(TsUs) = 1 k 2 2 2(” 1 U*CY> (4.3) 

where y is given in (3.23). 
The wavelength-averaged energy in waves on deep water is fi = i(pw/pa)ga2 (with the current normalisation 

that the density of air is one) so that 

S W  Pa u* 2 ---;-=- - 
E ( > Pw c 

4P + YL (4.4) 

where 0 = cl~ is the radian wave frequency. For a homogeneous wave field and in the absence of other processes 
affecting development of the waves ai?/% = S,, so that the wave energy grows or decays exponentially in time, 
with an e-folding time given by the reciprocal of the right hand side of (4.4). 

4.1. The growth rate coeficient ,b + y 
The factor, denoted here (p +.y), has been intensely debated in the literature. Figure 5 shows that the present 

solutions agree well with Mastenbroek’s (1996) fully nonlinear computations, with full second-order closure for 
the stress, for both fast and slow waves. The theory shows both the same variation with c/u* and also the same 
variation with the relative roughness Iczu. Agreement between the computations and the theory is particularly 
satisfying because Belcher & Hunt (1998) have argued that the damped mixing-length model used here captures 
the essence of the physics parameterised in a full second-order closure. The results in figure 5 support this claim. 
Separate evaluation of the contributions to the growth-rate coefficient shows that it is the contribution from &, , 
i.e. the contribution from sheltering, that dominates for slow waves (in agreement with Belcher & Hunt 1993). 
In the slow-wave regime the results computed by Mastenbroek are larger than the theoretical values as c/u* 
approaches its maximum value for slow waves. At these larger values of c/u* the inner region becomes too thick 
for the present approximations to apply and ,also the critical-layer mechanism might be contributing to wave 
growth at these more intermediate wave speeds. The present work also shows that it is the contribution from 
Y- “Q 7 i.e. working of the wave-induced shear stress at the surface, that dominates for fast waves (the sheltering 
term is small for fast waves as explained in 93.5). The fast-wave theory agrees well with the computations when 
k.ze = low3 and 20 < c/u* < 25. 

Figure 5 also shows comparisons of values of the growth-rate coefficient from the theory with values from 
laboratory and open-ocean experiments collated by Plant (1984). The data lie in the slow- and intermediate-wave 
regimes. As has been reported by others (e.g. Mastenbroek et al. 1996; Belcher & Hunt 1998) the theoretical 
values are smaller than the measurements. We can offer no new explanation of this, except to point out that 
the values measured by Shemdin & Hsu (1967) do lie close to the theory. This is significant because Shemdin & 
Hsu measured growth of wind-ruffled paddle-generated waves - a configuration that is close to the configuration 
modelled in the present theory. In contrast the remaining measurements in figure 5 inferred the growth rate 
of purely wind-generated waves, which are strongly influenced by nonlinear wave-wave interactions and wave 
breaking (e.g. Phillips 1977 $4.6). In addition the values of wave growth from Snyder et al. (1981) (the open 
squares in figure 5) were obtained from measurements of the momentum flux to the waves, and so these data 
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FIGURE 5. Values of the wave growth rate coefficient from the theory when IGQ = 1O-4 (filled 
triangles) and comparisons with values computed numerically by Mastenbroek (1996) (joined 
open circles) and data collated by Plant (1982) (other s&o&) 

need to be treated with some caution. Some previous studies (e.g. Miles 1993) have reported better agreement 
with the data, but such claims have been made based on models that parameterise the shear stress with a 
mixing-length model throughout the inner and outer regions. As argued in $2.2, the mixing-length model is 
appropriate only in the inner region. Belcher & Hunt (1993) and others have shown that using the mixing-length 
model in the outer region leads to spuriously large values of the growth rate. 

4.2. A nonlinear correction to the wave growth 

The expression obtained here for the e-folding time of the waves scales on u:, the surface stress in the 
basic-state wind profile. The present analysis shows that this basic-state wind stress controls the strength of 
the non-separated sheltering. It is important to recognise that this uz is not the total stress that would be 
measured above a wave: the total stress measured above a wind-wave system, rttot, is obtained by integrating 
the wave-induced stress tensor along a streamline q = constant, and is thus found to have two components 

% t(rl) = n(v) +-r,(v), (4.5) 

where rt = (Q-B +?) is the averaged turbulent stress and 7W (7) = -(GE) is th e wave-induced stress (e.g. Townsend 
1972). 
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At the surface T,(Q) = TS = (&dz,/d<), where rf is the form drug (Phillips 1977), which can be evaluated 
from (3.19) and (3.22) to give 

Tf = $ak)yhl. (4.6) 

Furthermore, the solutions for 2L and W in the outer region show that TV is zero above the inner region. Hence 
the wave-induced stress decays from its surface value to zero above the inner region. 

When averaged over a wavelength the streamwise momentum equation (the nonlinear counterpart of (2.4)) 
shows that the total stress is constant with height (Townsend 1972). Hence, since r, decreases with height, to 
maintain riot constant with height, rt must increase with height and be larger in the outer region than in the 
inner region. In practice the inner region is so thin (figure 2) that measurements of the stress are likely to be 
taken in the outer region, where rt is larger than its surface value. 

The analysis presented in $3 shows clearly that it is the turbulent stress that generates the non-separated 
sheltering and thence forces wave growth. Hence, following the spirit of the argument of Makin, Kudryavtsev 
& Mastenbroek (1995), in their calculation of the drag of the sea surface, we can suggest a nonlinear correction 
to the wind-input term S,, namely that the factor of ~4 in (4.4) and (4.6) is replaced by the surface value of 
the averaged turbulent stress, rt(zo) which is given by 

so that 

7t(Zo)/%t = 
1 $P(42 

1+ ;(aIc)2p 
and rf /rt,t = 

1+ $lc)2$ 

The wind input of energy then becomes 

SW Pa P+r rtot - = pw 1 + ~(ak)2~C2~~ E 

(4.7) 

where rtTtot is the turbulent stress that would be measured in the outer region. Van Duin (1996a) obtained a 
similar equation based on a rigorous, weakly nonlinear, analysis of the air flow over slow waves. Here we have 
shown that the nonlinear correction arises for both slow and fast waves, and it arises because the wave absorbs 
momentum from the air flow, i.e. there is a wave-induced stress, which depletes the turbulent stress near the 
surface, thereby leaving a reduced level of turbulent stress near the surface to force the non-separated sheltering. 

It is clear from (4.9) that nonlinear effects reduce the growth rate of steeper waves, which is consistent with 
the numerical calculations of Gent & Taylor (1976) and Mastenbroek (1996). Figure 6 shows the variation of 
a related quantity, namely the form drag, with wave slope for a rigid wavy wall, with c/u* = 0. It is clear 
from the figure that the nonlinear theory (4.8) lies much closer to the computations than the linear theory 
(4.6), particularly when ale > 0.2. The theoretical curves are truncated when ak = 0.3 because the air flow 
is expected to separate for higher slopes. The strength of the nonlinear effects depend on the factor $(~rC)~p, 
and thus depends on c/u*. For slow waves, with small values of C/U*, p M 20 so that nonlinear effects become 
appreciable when ale M l/(p) 4 M f , in agreement with the plots in figure 6. Mitsuyasu & Honda (1982) 
measured the growth rate of paddle-generated water waves and found that in their range of 0.03 < ale < 0.2 
(assuming that their H equals 2a) the growth rate was insensitive to the wave slope, again in rough agreement 
with figure 6. For fast waves, with large values of c/u*, ,8 w -1 and much larger slopes are required for the 
nonlinear effects to be significant. We expect ocean waves that lie in the fast-wave regime, for example swell, 
to have low slopes and hence we conclude that the nonlinear effects are likely to be negligible for fast waves. 
Finally, we do not expect the present form of the nonlinear correction to be valid when the waves break, because 
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then the air flow separates and the streamlines no longer follow the wave surface as they are assumed to do in 
the present analysis. Nevertheless, the present formula should be valid up until breaking. 

5. Conclusions 

We have developed a heurstic analysis of the air how over waves in the limits of slow waves, when c/u, < 15, 
and of fast waves, when C/U* > 25. Previously published formal asymptotic solutions (Belcher & Hunt 1993; 
Cohen & Belcher 1999) have shown that non-separated sheltering is the primary mechanism responsible for the 
growth and decay of these waves. The critical-layer mechanism is, at most, of secondary importance in these 
parameter regimes. 

The heuristic analysis developed here aimed to understand more deeply the physical processes behind non- 
separated sheltering. The analysis has shown how the streamline displacement at the top of the inner region 
is controlled by three processes: displacement over the undulating wave surface, a Bernoulli displacement 
associated with pressure variations, and a small, but important, asymmetric displacement due to the turbulent 
shear stress. This asymmetric displacement of streamlines leads to deceleration of the wind in the lee of the 
wave, i.e. to a non-separated sheltering. Above the inner region, in the outer region, the streamline displacement 
remains in phase with the streamline at the top of the inner region: no further asymmetry is produced because 
the wave-induced shear-stress gradient there is too weak. A pressure perturbation then develops in the outer 
region that has its minimum displaced downwind of the wave crest. This pressure perturbation together with 
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the surface stress perturbation does work at the wave surface and leads to growth of slow waves and decay of 
fast waves. 

The present approach shows clearly how the change in value of the shear stress across the inner region 
controls the strength of the non-separated sheltering. This observation suggested a nonlinear correction wherein 
the surface value of the turbulent stress is used in the equation for the energy flux. This surface value of the 
turbulent stress is smaller than the value aloft in the outer region because some of the momentum in the inner 
region is absorbed as wave-induced stress, which leads to a correction to the energy flux that increases as the 
square of the wave slope. The strength of the nonlinear correction also scales on /3, the part of the growth rate 
coefficient that is determined by the surface pressure. Since p is larger for slow waves than for fast waves we 
conclude that slow waves are more likely to be affected by this nonlinear process than fast waves. 

Finally, in the intermediate range of 15 < c/u* < 25 the critical-layer mechanism may well be important in 
addition to non-separated sheltering, although we note the comment of Mastenbroek (1996) that he found no 
evidence of a critical-layer mechanism contributing to wave growth in his numerical calculations. To date there 
has been no local analysis of both non-separated sheltering and the critical-layer mechanisms. Miles (1996) 
develops an integral analysis, but this mathematical method might exaggerate the critical-layer effects. There 
is hope that the present formulation, wherein the streamline displacement is analysed, can shed light onto this 
mathematically-difficult intermediate regime, because Belcher et al. (1998) have shown how an inviscid critical 
layer can bc analysed in this framework. 
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